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Synchronization of a chaotic map in the presence of common noise
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Synchronization of a model chaotic map is studied using the method of variable feedback. We report that
when the driver and the response systems of the model map are subjected to common noise, the noise does not
forbid synchronization.@S1063-651X~97!03604-0#
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Synchronization of chaos, hyperchaos, and spatiotemp
chaos has received much attention@1# in recent years. One o
the methods used for synchronization is known as
method of variable feedback@2#. Synchronization of chaos in
the presence of noise is important from practical consid
ations. We present results for the case when the driver
response systems of the feedback method are subjecte
common noise. In order to illustrate the method and our m
results, we consider the logistic map as our model. The p
pose is to synchronize the chaotic map

xn1154 xn~12xn! ~1!

with its replica

yn1154 yn~12yn!, ~2!

wheren is the discrete time. In the method of variable fee
back, this is achieved by introducing a feedback funct
G(xn ,yn) and iterating Eqs.~1! and ~3!,

yn1154 yn~12yn!1G~xn ,yn!, ~3!

simultaneously starting from different initial values ofx0 and
y0. The systems described by Eqs.~1! and ~3! are respec-
tively called the driver and response systems. When sync
nization is achieved after the transition timet ~value ofn),
G(xn ,yn) goes to 0 andxn5yn . The feedback function
G(xn ,yn) is not unique—many different feedback functio
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can synchronize the map. For exampleG(xn ,yn)5(yn
2xn)(2xn21) andG(xn ,yn)5(yn2xn)(2xn21)3 synchro-
nize the logistic map of course with different transition tim
The multitude of feedback functions that synchronize a giv
map are found by trial and error. In order to synchronize
logistic map with its replica in the presence of comm
noise, we add common random numbersWh to these two
systems at every iteration, as described by the equations

xn1154 xn~12xn!1Wh, ~4!

yn1154 yn~12yn!1b@G~xn ,yn!1Wh#, ~5!

whereW is the strength of the noise andh is a equally
distributed random number in the interval21<h<1. Val-
ues of Wh are used that yield bounded solution
0<xn11<1 of the logistic map. If, during iterations,yn11
falls beyond the interval (0,1),b is adjusted in 0<b<1, so
that we have 0<yn11<1. Recently, Maritan and Banava
@3# reported that they could synchronize the logistic m
without the feedback term that is by simply iterating t
equations

xn1154 xn~12xn!1Wh, ~6!

yn1154 yn~12yn!1Wh. ~7!
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TABLE I. Synchronization of chaotic trajectories of the logistic map using feedback functionf d1 in the
presence of common noise. Digits53 and Digits515 are the numerical precisions set in theMAPLE program,
W is the strength of the noise term, andn is the iteration number. Trajectories started fromx050.127 and
y050.713 are seen to synchronize to the set precisions after 11 and 15 iterations forW50 and 1, respec-
tively. A similar trend in transition times is observed with other random initial state vectorsx0 andy0.

n511 n515
W50 W51.0

xn ,yn n50 Digits53 Digits515 Digits53 Digits515

xn 0.127 0.235 0.984 914 415 149 068 0.093 0.503 143 004 925 7
yn 0.713 0.235 0.984 914 415 149 068 0.093 0.503 143 004 925 7
4804 © 1997 The American Physical Society
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TABLE II. Synchronization of chaotic trajectories of the logistic map using feedback functionf d2 in the
presence of common noise. Digits53 and Digits515 are the numerical precisions set in theMAPLE program,
W is the strength of the noise term, andn is the iteration number. Trajectories started fromx050.127 and
y050.713 are seen to synchronize to the set precisions after 47 and 128 iterations forW50 and 1, respec-
tively. A similar trend in transition times is observed with other random initial state vectorsx0 andy0.

n547 n5128
W50 W51.0

xn ,yn n50 Digits53 Digits515 Digits53 Digits515

xn 0.127 0.0 0.007 224 728 906 920 0.921 0.681 224 990 446 83
yn 0.713 0.0 0.007 224 728 906 920 0.921 0.681 224 990 446 83
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Longa, Curado, and Oliveira@4# and Pikovsky@5# showed
that, if the calculations are done with higher precisions,
transition timet increases exponentially and the procedu
soon becomes practically impossible to implement. For
ample, with a precision of 15 decimal places~digits515 in a
MAPLE program!, W50.3 requires 1012 iterations. Clearly,
the application of common noise alone for synchronizat
of chaotic attractors has inherent difficulties. In this work w
do not use the common noise to synchronize the logistic m
but show that, when common noise is added, the noise d
not affect exact synchronization by the method of varia
feedback. Here we present results obtained with the
feedback functionsf d1 and f d2, where

f d15G~xn ,yn!54 ~yn2xn!~2xn21!, ~8!

f d25G~xn ,yn!54 ~yn2xn!~2xn21!3. ~9!
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It can be seen from Tables I and II that, for give
x0 , y0, andW, the iterated values ofxn andyn depend on the
precision used. However, for every precision the trajectory
the response system faithfully follows that of the drivin
system. These tables also show that the feedback func
f d1 has a shorter transition time thanf d2. The effect of the
common noise is to increase the transition time of the t
feedback functions, but not to eliminate synchronization.

Since a given map can be synchronized by very ma
feedback functions, a general method for finding all of the
is not currently available. Once we have found a feedb
function by trial and error or otherwise, common noise c
be added to the procedure. On the basis of our model ca
lation, we conjecture that common noise does not forbid s
chronization by the method of variable feedback.
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